Abstract| Globally Coupled Map GCM is one of the coupled systems of one-dimensional chaotic maps and is investigated in detail. However, there is no electrical circuit system that is suitable for comparison with GCM. In this study, we propose the system of N chaotic oscillators using Wien-bridge oscillators coupled by one resistor and investigate spatio-temporal phenomena for large N in order to compare with GCM. By carrying out numerical calculations, we observe various behaviors. In the investigated system, we can observe clustering, cluster bifurcation, chaotic itinerancy, and so on. From these observations, we denote the proposed system is very suitable for GCM model in electrical circuits.
I. Introduction Spatio-temporal phenomena observed from coupled chaotic networks, namely coupled systems of many chaotic cells, attract many researchers' attentions. The studies on coupled chaotic networks are classi ed into two categories. These are discrete time systems and continuous time systems. Early on, Kaneko has investigated the coupled systems of one-dimensional map 2 . Especially, Coupled Map Lattice CML and Globally Coupled Map GCM 2 are well known as discrete time mathematical systems, and various interesting behaviors can be observed in these systems. In GCM, the system generates clustering, cluster bifurcation, hierarchical clustering, and so on. The studies about CML and GCM are important for not only the nonlinear system with a lot of freedom but also biological network, engineering application, and so on. However, these real physical systems are continuous-time systems. Therefore, it is very important t o i n vestigate spatio-temporal phenomena in continuoustime systems and to clarify the di erence between mathematical systems with discrete-time and real physical systems with continuous-time.
On the other hand, spatio-temporal phenomena on coupled chaotic oscillators have been investigated in the elds of electrical circuits 4 . The electrical system is one of the real physical systems and one of the continuous-time systems. The array structure of coupled chaotic oscillators is mainly investigated in electrical systems because of the applications for cellular neural network. The systems of array structure correspond to CML since one oscillator is a ected by neighboroscillators. On the other hand, the systems that correspond to GCM are full-coupled systems. There are, however, few investigations of spatiotemporal phenomena on full-coupled systems in electrical circuits. The full-coupled system that has ever been investigated about spatio-temporal phenomena is only the system of N chaotic oscillators coupled by one-resistor 4 . Moreover, coupled chaotic oscillators have LC resonant circuit. In these systems, N-phase synchronization can be generally observed. Cluster in GCM is dened as the set of elements in which xi = xj for i, j, that is, xi = xj for i; j in the same cluster. Therefore, the above full-coupled system is never suitable for comparison with GCM. Because the system generates only N-cluster state and the number of elements in each cluster is always 1. Hence, there is no electrical circuit system that is suitable for comparison with GCM.
Recently, synchronization on N chaotic oscillators using Wien-bridge oscillator 5 which is one of RC oscillator coupled by one resistor is investigated for N=2, 3 and 4 6 . In this system, we can observe k oscillators synchronized at in-phase and N , k oscillators synchronized at in-phase are synchronized at anti-phase. Oscillators synchronized at in-phase are de ned as the set of oscillators in which xi = xj for i, j, that is xi = xj for in-phase synchronization between oscillator i and oscillator j. Namely, the chaotic oscillators synchronized at in-phase correspond to the elements in same cluster at GCM since the de nition of in-phase is quite similar to that of cluster. Moreover, we p a y attention that k has various values, that is, 1; 2; ; N . This phenomenon means that the numberof elements of cluster can be changed easily according to initial conditions. From above considerations, we recognize that the system in 6 is suitable for comparison with GCM. Another advantage of this system is that the system has no inductor. Therefore, this system is suitable for design of an integrated circuit. In 6 , however, only synchronization phenomena are observed for small N. To i n vestigate spatio-temporal phenomena for large N is important approach for comparison between continuous time systems and discrete time systems, that is, GCM.
In this study, we propose the system of N chaotic oscillators using Wien-bridge oscillators coupled by one resistor and investigate spatiotemporal phenomena for large N in order to compare with GCM. By carrying out numerical calculations, we observe various behaviors in the proposed system. In the system, we can observe clustering, cluster bifurcation, chaotic itinerancy, and so on. From these observations, we denote the investigated system is very suitable for comparison with GCM. Figure 1 shows a system model investigated in this study. We consider the system of N chaotic oscillators coupled by one resistor. This system is one of the simple topological system since only one coupling resistor is needed regardless of N. Eq.4 that includes coupling term, there are differential variables. Therefore, this system generates interesting phenomena that have never been reported until now and correspond to the phenomena in GCM. In the following numerical calculations, we use 1 = 0:45; 2 = 2:13; 3 = 0:77; c 1 = 1:0; and c 2 = 0:1. " means the coupling parameter and e expresses the direct voltage E. We v ary " and e as parameters. For small N, we have already investigated synchronization phenomena by both of circuit experiments and numerical calculations, and con rm that the results of circuit experiments are good agreement with those of numerical calculations 6 . Therefore, we recognize that the following numerical calculations for large N express the circuit behavior correctly. III. Clustering and cluster bifurcation In this study, as an example, we denote the behaviors in the system for N = 5 0 ; " = 0 :005 and e = 2 :39. At rst, we consider the case ! j = 0 :0, that is, all chaotic oscillators are same completely. We can observe clustering of each oscillator in this case. Figure 2 shows clustering in the system. The waveforms of all oscillators are drawn in the gure. For example, the waveforms of all oscillators overlap completely in Fig. 2 a. Figure 2 a shows 1-cluster state. In this state, all oscillators are synchronized at in-phase. The example of 2-cluster state is shown in Fig. 2 b. In this state, N 1 oscillators are synchronized at in-phase, and N 2 oscillators are also synchronized at in-phase. Moreover, two in-phase are synchronized at anti-phase. Now we consider k-cluster case and de ne N i as the number of oscillators in cluster i i = 1; 2; ; k , where P k i=1 N i = N.
II. System Model
In Fig. 2 , N 1 = 33 and N 2 = 17. Figure 2 c shows 3-cluster state. In this state, N 1 , N 2 , and N 3 oscillators are synchronized at in-phase respectively, and three in-phase are synchronized at three-phase. N-cluster state is shown in Fig. 2 d. In this state, the system generates asynchronization. In the system, we can observe four clustering states as shown in Fig. 2, namely, 1-, 2-, 3 -, and N-cluster states. This system generates inphase, anti-phase, and three-phase synchronization. Since the cluster generated in the system consists of these synchronization, we can observe only four clustering states in Fig 2. In all states of Fig. 2 , the system generates periodic attractor. If two certain oscillators are in same cluster, the behaviors on two oscillator are same completely, namely x i = x j . That is because the two oscillators are subject to the same circuit equations. Therefore, in 2-cluster case, the cluster generates various attractors according to N l when we vary the ratio of N 1 and N 2 . As the results, we conrm cluster bifurcation as shown in Fig.3 . The cause of generation of cluster bifurcation is that " l varies as N l changes. Hence, we m ust note that the parameters in Eq. 2 never vary via cluster bifurcation though common bifurcation phenomena occur by changing the parameters. In this sense, cluster bifurcation is di erent from common bifurcation.
IV. Chaotic itinerancy
Next, we investigate in case of ! j 6 = 0:0, namely we consider the parameter mismatches on each oscillator. The values of ! j are given as uniform distribution in the range ,0:001, 0:001 .
In this system, even if two attractors have same variables, namely x i = x j , their behaviors are not always identical completely since oscillators are not equal in parameter and generate chaos. Hence, various behaviors that can not be observed for ! k = 0 :0 are generated. One of the feature behaviors is chaotic itinerancy. In case of small N, w e can observe quasi-synchronization of chaos 7 , and chaotic itinerancy is not generated since Figure 4 shows example of chaotic itinerancy. The chaotic solution stays a certain quasi-stable state that consists of 2-or 3-clusters for a while. However, the collapse of a cluster occurs since each oscillator is not the same as the others and each oscillator generates chaos. Via complicated behavior, the chaotic solution stays another quasi-stable state that consists of 2-or 3-clusters for a while, where the numberof elements of each cluster is changed from the previous clustering state. We can classify chaotic itinerancy into three types. Figure 4 a shows that chaotic trajectory goes from 3-cluster to 3-cluster state via complicated behavior. This itinerancy can be expressed as follows. At rst, the system settles at 3-cluster state. One of the clusters is collapsed from this state. Then, the collapse is spread to the other clusters and all clusters are collapsed. That is because 3-cluster state can exist in stable state. Namely, unstability from collapse of one cluster breaks the other clusters. 3 clusters are reconstructed since then, and the system settles at 3-cluster state. In this case, there is no relationship of the numbers of elements before and after the complicated state. Namely, the numbers of elements after the collapse cannot bepredicted and the changes of them are chaotic.
2. Chaotic itinerancy from 2-cluster to 2-cluster state. Figure 4 b shows that chaotic trajectory goes from 2-cluster to 2-cluster state via complicated behavior. At rst, the system settles at 2-cluster state. One of the clusters is collapsed from this state. Then, the collapse is never spread to the other cluster. It is the di erent from the previous itinerancy. That is because 2-cluster state can exist in unstable state. The collapsed cluster is divided the elements into 2 parts. One part joins the cluster that is not collapsed and the other constructs new cluster. As the results, the system settles 2-cluster state again. In this case, there is also no relationship of the numbers of elements before and after the complicated state. If the number of the elements are always equal before and after the complicated states, it means that the system generates quasi-synchronization 7 .
3. Chaotic itinerancy from 2-cluster to 3-cluster state and vise versa. Figure 4 c shows that chaotic trajectory goes from 2-cluster to 3-cluster state via complicated state. The route from 2-cluster to 3-cluster state is di erent from that from 3-cluster to 2-cluster. In itinerancy from 2-couster to 3-cluster, one cluster is collapsed from quasi-stable state. The collapse, however, never spreads to the other cluster. The collapsed cluster divides two clusters, that is, 3-cluster are constructed. Therefore, there is one cluster that has same number of elements before and after the complicated state. In itinerancy from 3-cluster to 2-cluster state, one cluster is collapsed and the collapse spreads to the other clusters. Since then, two clusters are reconstructed and the system settles in 2-cluster state.
We observe that above three types of itinerancy appear irregularly and cannot predict what type of itinerancy is generated.
V. Conclusion
We have proposed the system of N chaotic oscillators using Wien-bridge oscillators coupled by one resistor and investigated spatio-temporal phenomena for large N in order to compare with GCM. By carrying out numerical calculations, we observe v arious behaviors. In the investigated system, we can observe clustering, cluster bifurcation, chaotic itinerancy, and so on. The system generates 1-, 2-, 3-, and N cluster states. Moreover, chaotic itinerancy is classi ed into 3 types. From these observations, we denote the proposed system is very suitable for GCM model in electrical circuits.
